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Abstract

A differential recurrence equation consists of a recurrent sequence of
differential equations, from which a sequence of unknown functions must be
determined. In this paper, we will present several methods for solving two
nonlinear (quadratic) first-order homogeneous differential recurrence equations
with discrete auto-convolution of the unknown functions or their derivatives.
We use here three types of proofs: The first by mathematical induction, the
second based on generating function method, and the third by a substitution
which reduces the differential recurrence equation to the corresponding
algebraic recurrence equation. We will present these methods on the simplest
differential recurrence equations with discrete auto-convolution. For the first
equation, we will determine the solutions that are in geometric progression,
while the second is solved without any supplementary condition. Finally, we
present two differential recurrence equations with combinatorial auto-
convolution that are reduced to the first ones by substitutions, and some
applications of the results from this paper to the discrete linear time-invariant

physical systems theory are also presented.
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1. Introduction

Differential recurrence equations were considered, for example, in
the papers [8]-[10] and in the author’s books and papers [1]-[6]. In the
paper [3] and [5], see also the book [1], the author considered a new type
of such equations, namely, differential recurrence equations with discrete
auto-convolution. These results were used in [4] to solve an integral
recurrence equation with auto-convolution, which was then solved in the
paper [6] in a different manner, namely, using the hybrid Laplace
transformation. Here the simplest two dual first-order differential
recurrence equations with auto-convolution are considered and their
solutions are obtained. While the second equation will be considered here
for the first time, the first is a particular case of a more general equation,
considered in [5]. For completeness, this equation will be treated in
detail, as the second, because the actual treatment will contain many
changes which give simplifications and clarifications compared to the

general theory given in [5].
2. The Equations

Being given two sequences of functions x(¢) = (x¢(t), x1(¢), ..., x,(¢), ...)
and y(t) = (yo(¢), y1(), ..., ¥,(), ...), one calls discrete convolution or

Cauchy product of them (see, for example, [1] and [2]), the sequence of

functions
x(t) * y(t) = (xo(t)yo(t), x0(@)y1 () + %1 (E)yo (), .., Zxk(t)yn_k(t), J
k=0

Particularly, if x(¢) = y(t), the product is called the auto-convolution of

x(t) and it is denoted

2 () = x(t) * x(t) = [x(z)(t), 220 (t )1 (2), ..., Zxk(t)xn_k(t),...].

2 k=0
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Also, if the terms of the sequence x(t) = (x,(t)) are differentiable

functions, condition which will be supposed in this paper, one considers
its derivative x'(t) = (x),(¢)). In the following, we present the main

methods to solve the simple “dual” differential recurrence equations with
discrete auto-convolution x'(t) = x2*(t) and x(t) = (x'(¢))**. For the first

equation, we determine the solutions that form a geometrical
progression, while for the second no condition will be imposed.

3. A Recurrence Differential Equation with
Discrete Auto-Convolution

Theorem 1. The sequence of solutions that form a geometric
progression of the equation

n
xp,(t) = Zxk(t)xn_k(t), n=0,12 ..., 1)
k=0
is given by the formula
_ 1\n+l An
xn(t):(l)—cll, n=0,12 .., @)
(t + CO )n+

where Cy and C; are arbitrary constants.
3.1. Proof of Theorem 1 by mathematical induction

For n =0, the Equation (1) is reduced to x{(t) = x3(t), hence

x(2)(t) =1, with the solution x((¢) = - L andfor n=1 to x1(t) =

2 (t) t+ C()

2x0 (t)xl (t)’ hence ii g; _ t +2CO , with the solution X1 (t) = (tcv—é)z .
+Co
n-1

For n > 2, the Equation (1) is reduced to x),(¢) = 2xq(¢)x, () + Z x; (2)
=1

n-1
x,_;(t), hence to x;l(t)+ﬁxn(t)=Zxk(t)xn—k(t), with the
=1

solution
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J' 2dt j 2dt ;1

x, () =e > 00| [ t+C xk(t)xn_k(t)dt+Cn]
k=1

[ n—1
= m_‘[(t + Co)2;xk(t)xnk(t)dt + Cn}.

For n = 2, the solution becomes

xy(t) = m U(t +CoPx2(t)dt + 02]

__ 1 ct
C(t+Co ) U(wco)z < ”’4

ct Cy
h 3t 2"
(t+CO) (t+Co)

Because the sequence x,({) is a geometric progression, we have

x2(t) = xo(t)xy(t), hence

C? ! o Cy

= — + R
(t+Co)* t+Co | (t+Co)° (t+Cp)?

2
from which one obtains Cy = 0. Therefore, x5(t) = —0—13.
(t + Co)
(_ 1)k+l Ck
We suppose that x;(t) = ~——~——L and C, =0, for 2<k <n-1.

Then we have

i n-1 k+1 n—k+1
e ()= 1 o (D) e e
0=y _I(HCO);(t CoF (e+ Coy d”c"}

1 -1t
) (t+Co)| J.(HC )22 o)n1+2 Cn]
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1 U(n—l)(—l)”cfdHC}:(—n"“cl"+ C
(t + CO )2 (t + CO )n " (t + CO )n+1 (t + CU )2

Because the sequence x,,(t) is a geometric progression, we have x2_;(¢) =

i (—1)"10?-2{@1)”“0{1 . G

x,_9(t)x,(¢), hence = ,
S (t+Co™  (+Co) ™ L+ Col"™ 1+ Cy)

(_ 1)n+1 cr
from which one obtains C, =0. Therefore, x,(t)= —11
(t + CO )n+
According to the mathematical induction axiom, the solution x,(f) is

given by the formula (2).
3.2. Proof of Theorem 1 by generating function method

We consider the generating function G(t,z)= Y x,(t)z" of the
n=0

sequence of functions x,(¢), defined by a formal series. Multiplying
Equation (1) with z” and summing, it follows that

0

S0 = 3D syl 0"

n=0 n=0k=0
Considering the formula of the product of the power series, one obtains
the differential equation %G(t, z) = G%(t, z), with the solution

o0
where C(z) = Z C,z" is a constant in ¢. Therefore,
n=0

one obtains [t + C(2)]G(t, z) = -1, hence

1
G(t> 2) = _TC(Z)’

o0

[t +Cy + Zann]an(t)zn =-1.
n=1

n=0

Using the formula of the product of the power series and identifying the

coefficients, it results that
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(t + Colxo(t) = ~1 and (¢ + Coley () + D Cpyt) = 0, Y = 2. (3
k=1

From the first relation, one obtains x(¢) = — From (3), for n =1,

1
t+CO‘
ct

it follows that x;(¢) = _G and for n =2, that xg(t)=-—7"—
(t + Co)

(t +Cp)
Co

+ m Because the sequence x,(¢) is a geometric progression, as in
0

2
C—13. Using the
(t + Co)

mathematical induction axiom, from the relation (3), it follows as in the
above proof that C,, = 0, Va > 2 and x,(¢) has the form (2).

the first proof one obtains Cy = 0, hence xq(f) = —

Remark. Alternatively, this method can be presented as the Z

transformation method, where Z(x,(t))(z) = Z x, )" = G(t, %) The
n=0

same remark can also be made for the proof based on the generating

function given below in Theorem 2.
3.3. Proof of Theorem 1 by substitution
We will use in the Equation (1) the substitution

an
xn+1 (t)

x,(t) = n=0,1,2, ..., @)

where x(¢) is a differentiable function and @, are real numbers, all of

which should be determined. Then the Equation (1) becomes successively

n

(n+1a, _ Zn: a Ak (n+1)a, _ Z apy,_j

xn+2(t) - = xk+1(t) xn—k+1(t)’ xn+2(t) N et xn+2(t) ’

n

-(n+1)a, = Zakan_k.

k=0
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For n =0, one obtains the nonzero number ay; = -1. Denoting

b, = —a,, the Equation (1) is reduced to the algebraic recurrence

equation (n +1)b, = » bib,_;,n=0,1,2, ..., and by = 1. On the other
k=0

hand, for n=0, it follows from (1) and (4) that

1 Q 1
R O R0}

n

hence x(¢) =t + Cy, where Cy = x(0).

From the lemma below, it follows that b, = bf, hence a, = (-1)""a}

and from (4) one obtains the formula (2), where a; = C;.

Lemma 3.4. The algebraic recurrence equation

n
(n+1by = Y bybyy, 7 =0,1,2 ., (5)
k=0
has the solution
b, =b, n=0,1,2,... (6)

3.5. Proof of lemma by mathematical induction

For n =0, the equation becomes b, = bg and has the nonzero
solution by =1. For n =1, the equation is obvious and for n =2, it

becomes 3by = 2byby + b12 and has the solution by = b12 We suppose that

n-1
b, = bf, k <n—-1. Then the Equation (5) gives (n + 1), = 2byb, + Z
k=1

n-1 n-1

bby i = 2b, + O bEbTF =26, + > bf' = 2b, +(n~1)bf", hence b, = bf",
k=1 k=1

n=0,1,2 ....

3.6. Proof of lemma by generating function method

e8]
We consider the generating function G(z) = Z b,z" of the numerical
n=0

sequence (b,), defined by a formal series. By multiplying Equation (1)
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[ee] 0 n
with 2" and summing, we get Z (n+1)b,2" = Z Zbkbn_kz".
n=0 n=0k=0

Considering the formula of the power series multiplication, one obtains

the differential equation [zG(z)]’ = G?%(z), which successively takes the

G'(2) 1o G(z) G(z)_
"G(2)[G(z)-1] =’ G(z)-1 G(2) z'

By integration, it follows successively that In

forms zG'(z)+ G(z) = G?(z)

G(z) - 1‘ =1n|Cz| and

G(2)
M = Cz, from which one obtains the solution
G(2)
G(z)—ﬁ > C"z", where C is an arbitrary constant. By
n=0

identifying the coefficients in the two expressions of G(z), one obtains

b, = C". For n =1, we obtain C = b;, therefore the solutions b, of the

algebraic recurrence equation (5) are given by the formula (6).

3.7. Reciprocal proof for lemma

n n n
If b, =bf', we have > byb, ;= > bfbf™ = > b =(n+1)bf" =
k=0 k=0 k=0
(n+1b,,n=0,1,2, ..., therefore these numbers b, satisfy the
Equation (5).
3.8. Reciprocal proof for Theorem 1
(_ 1)n+1 cr n n
If «x,0) = —n+11’ then we have Z xp (8)x,_p (8) = Z
(t+Co) k=0 =0

(_ 1)k+1 Clk (_ l)n*k‘*’l Cln_k

(SR cuer
(¢ + Co )k+1 ¢+ Cy )nfk+1 Z t+C )n+2 =(n+ )( )n+2 n(t)»

n=0,1,2, .., therefore the functions x,(¢) satisfy the Equation (1).
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4. The Dual Equation

Theorem 2. The solutions of the equation

n

a(t) = ) xiE (), n=0,1,2 ., )

k=0

are given by the formulas

xot) = £+ Co)s 1) = Cile + Co), ®)

n-1
x0(t) = Colt + Co)+ D CeCoy, =23, .., (9)
k=1

where C,, are arbitrary constants.

4.1. Proof of Theorem 2 by mathematical induction

For n =0, the Equation (7) is reduced to x(t) = [xf(¢)]*, hence

olt . . . .
%) _ 1. By integration, we obtain 24/x(¢) = ¢ + Cy, hence it follows

Vo ()
that the solution is x((t) = i(t +Cy)®. For n =1, the Equation (7)
x1(2) 1

= ith th luti
w0 " 1+Cy’ wi e solution

becomes x;(t) = 2xq(¢)x1(¢), hence

x1(¢) = C(¢ + Cp), therefore the solutions x((t) and x;(t) are given by
formula (8). For n > 2, the Equation (7) becomes x,,(t) = 2xq(t)x),(t) +

n—

n-1 1
! ’ ! 1 1 ’ ’
kglxk(t)xn—k(t)’ hence  x;,(t) - mxn(t) = _mkzﬂxk(t)xn—k(t)’
with the solution
dt 1 __dt n-1
x,(t) = e 0| j N (e () de + C,
t+ CO =

n-1
— @+ co){- jﬁ > i Oy ()t + Cn]-
+Co) k=1
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From this formula, one obtains

2
olt) = (t + Co)[— jm(xi(t))zdt N 02} S+ CO){— I(HCW dt + 02]

ct
t+CO

:(t+CO)( +02J=C2(t+CO)+C12,

xa(t) = (¢ + co){— [ 2 Oms0)ae + 03} . CO){— IM dt + cs}

t+Cp) (t+Cp)

= (t + Co)(2clc2 + C3j = C3(t + Co) + 20102.
t+ CO
-1
We suppose that x;(t) = C;(t + Cp) + ZCij,k, j=2,3,...,n-1. Then
k=1

x(t)=Cj,j=1,2, ..., n—1, hence

n—1
() = (¢ + CO)[— jm;q{@_kdt + cn}

n-1 n-1
1
—(t+ CO)L ~or D iy + cn} = Cult + Co) + ) CiCoy-
k=1 k=1

According to the mathematical induction axiom, the solution x,(t),

n =2, 3, ..., are given by formula (9).

4.2. Proof of Theorem 2 by generating function method

We consider the generating function G(t,z)= ) x,(t)z" of the
n=0
sequence of functions x,,(t), defined by a formal series. By multiplying
0 [oe] n
Equation (7) with z" and summing, one obtains Z x,(t)z" = Z Z
n=0 n=0k=0

xj(t)x;,_; (t)z". Considering the formula for the product of the power
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2
series, one obtains the differential equation G(t, z) = [% G(t, z)} , which

0
EZ(Kt,Z)

JG(t, z)

2,G(t, z) =t + C(z), where C(z)=Cy + 22 C,z" 1is an arbitrary
n=0

takes the form =1. By integration, one obtains

constant with respect to the variable ¢. Therefore, we have

n=1

© 2
G(t, 2) = %[t L CR)P = %{t +Cy+ 2Zan"]

o0 0 2
= %(t +Co ) +(t+ CO)Zan” J{Zan”j .
n=1 n=1

Using again the formula for the product of the power series, one
obtains the following form for the generating function:

0 o n-1
Glt, 2) = 5 (¢ + Col* + Calt + Cole + (£ + Co) Y Coz™ + D > C4Cy g™,
n=2 n=2k=1

By identifying the coefficients in the two expressions of G(t, z), one

obtains the formulas (8) and (9).
4.3. Reciprocal proof for Theorem 2
If the functions x,(¢) are given by formulas (8) and (9), then we have

n -1

D xeh i (6) = 225 (O, (6) + Y i (i 0)

k=0 k=1

S

n-1

= Cult+ Co)+ D CCyy = 2,(0),
k=1

therefore these functions satisfy the Equation (7).
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5. Differential Recurrence Equations with

Combinatorial Auto-Convolution

Theorem 3. The sequence y,(t) of solutions of the differential

recurrence equation with combinatorial auto-convolution
n (n
W& =D Oy ®, n=012 ., (10)
k=0\k

so that the functions y,(t)/ n! are in geometric progression, are given by

the formula

(-1)"nr ey

AT n=0,12 .., (11)

yn(t) =

where Cy and Cy are the constants from Theorem 1.

Theorem 4. The solutions of the equation

n(n
yn(t) = Z[ ]y;c(t)y;z—k(t)7 n=0,12 .., (12)

k=0\k

are given by the formulas

1
Yolt) = 7 (t+ Col. m(@) = Cit+Cp), (13)
n-1
Talt) = R Cu(t+ Co)+ 1! Y CrCyy n=2,3, .., (14)
n=1

where C,, are the constants from Theorem 2.

Remark. (1) The Theorem 3, respectively 4, follows by Theorem 1,
respectively 2, if we make the substitution y, (t)=n!x,(t),n=0,1,2,....

(2) The differential recurrence equations with combinatorial auto-

convolution (10) and (12) can also be solved directly using the exponential
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generating function of the sequence of functions (y,(t)), given by the

formula E(t, z) = nngxn(t)v =Glt, b

6. Applications to Discrete Linear Time-Invariant

Physical Systems Theory

A discrete linear physical system is a linear operator U which to every

sequence of functions i(t) = (i,(¢)), named input of the system, makes to
correspond a sequence of functions o(¢) = (0, (¢)), named output, hence
U(i(¢)) = o(t). If the system is time-invariant, namely, the operator U
permutes with translations, hence U((i,,.x(t))) = (0,.4(¢)), k =1, 2, ...,
then the system U has a sequence of functions x(t) = (x,(¢t)), named

weighted function or impulse response function of the system, such that
the system has the discrete convolution form o(t) = U(i(¢)) = x(¢) * i(¢). If

V is a second such physical system, having y(t) = (y,()) as impulse
response function, then the system U oV obtained by the series
connection of the two systems has the sequence x(t)* y(¢) as impulse
response function, while the system U +V obtained by the parallel
connection of the two systems has the sequence x(¢)+ y({) as impulse
response function. The above results are related to these topics. The
Theorem 1 gives the impulse response (x,(¢)) of a system U which
connected in series with itself gives a new system with the impulse
response (x},(t)). The Theorem 2 gives the impulse response (x,,(¢)) of a

system U obtained by connecting in series with itself the system, which

has the impulse response (x),(t)).

7. Conclusion

We presented here simple equations of a new type and some of their
methods of solving. Because these equations have first order, their

methods of solving are based on elementary mathematics, hence they can
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be used in the learning process as a complement to the simplest types of
ordinary differential equations. We can consider numerous examples of
differential recurrence equations with auto-convolution. For example, the
equation considered in the Theorem 1 is only the first of the 96 equations
given in [5] as examples of the general theory presented there. Besides
these educational purposes, these new types of differential recurrence
equations, which can be called hybrid equations, have applications not
only in the physical systems theory, as stated in the previous section, but
also in other areas as in seismology, geophysics, computer tomography,
1mage processing, probabilities, statistics, queuing theory and more. The
author hopes that this paper stimulates the solving of more complicated

differential recurrence equations, possibly of higher order.

References

[1] M. I. Cirnu, Recurrence Equations, New Topics and Results, Lambert Academic

Publishing, Saarbriicken, Germany, 2014.

[2] M. I. Cirnu, Algebraic Equations, New Methods for Old Problems, Lambert
Academic Publishing, Saarbriicken, Germany, 2013.

[8] M. I. Cirnu, First order differential recurrence equations with discrete auto-
convolution, International Journal of Mathematics and Computation 4(S09) (2009),
124-128.

[4] M. I. Cirnu, A certain integral-recurrence equation with discrete-continuous auto-
convolution, Archivum Mathematicum (Brno) 47 (2011), 267-272.

[5] M. I. Cirnu, Initial-value problems for first-order differential recurrence equations
with auto-convolution, Electronic Journal of Differential Equations 2011(2) (2011),
1-13.

[6] M. I. Cirnu and V. Prepelitd, Hybrid Laplace transformation, International Journal
of Scientific and Innovative Mathematical Research 2(2) (2014), 209-220.

[71 M. A. Cuenod, Introduction a I’Analyse Impulsionelle, Principes et Applications,
Dunod, Paris, 1970.

[8] I. P. Dimitrov, The stability of the solutions of differential-recurrence equations
(Russian), Differencialnye Uravnenia 8 (1972), 1168-1175 (Part I); 1372-1376
(Part II).

[9] N. M. Flaisher, A certain differential recurrence equation (Russian), Archivum
Mathematicum (Brno) 4 (1968), 237-239.



SOLVING SOME FIRST ORDER DIFFERENTIAL ... 113

[10] W. Koepf and D. Schmersau, Solution properties of the de Branges differential
recurrence equation, Complex Variable Theory and Applications 50(7-11) (2005),
585-595.

[11] H. S. Wilf, Generating Functionology, Academic Press, 1990.



